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We examine the time evolution of the five-dimensional Einstein field equations subjected to a 
flat, anisotropic Robertson- Walker metric, where the 3D and higher-dimensional scale factors are 
allowed to dynamically evolve at different rates. By adopting equations of state relating the 3D 
and higher-dimensional pressures to the density, we obtain an exact expression relating the higher- 
dimensional scale factor to a function of the 3D scale factor. This relation allows us to write the 
Friedmann-Robertson- Walker field equations exclusively in terms of the 3D scale factor, thus yield- 
ing a set of 4D effective Friedmann-Robertson- Walker field equations. We examine the effective 
field equations in the general case and obtain an exact expression relating a function of the 3D scale 
f^ \ factor to the time. This expression involves a hypergeometric function and cannot, in general, be 

fSJ ■ inverted to yield an analytical expression for the 3D scale factor as a function of time. When the 

hypergeometric function is expanded for small and large arguments, we obtain a generalized treat- 
ed ' ment of the dynamical compactification scenario of Mohammedi [Phys.Rev.D 65, 104018 (2002)] 
^^ , and the 5D vacuum solution of Chodos and Detweiler [Phys.Rev.D 21, 2167 (1980)], respectively. 
By expanding the hypergeometric function near a branch point, we obtain the perturbative solution 
r^~ ' for the 3D scale factor in the small time regime. This solution exhibits accelerated expansion, which, 
remarkably, is independent of the value of the 4D equation of state parameter w. This early-time 
epoch of accelerated expansion arises naturally out of the anisotropic evolution of 5D spacetime 
fi ' when the pressure in the extra dimension is negative and offers a possible alternative to scalar field 
^^, inflationary theory. 
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, , In the early 20th century, Theodor Kaluza and Oskar Klein attempted to unify the forces of electromagnetism and 

• ' gravitation into a more fundamental description of nature by introducing extra dimensions into general relativity 

r_^ \ [l| . Since the onset of Kaluza-Klein theory, the notion of incorporating extra dimensions into general relativity has 

^^ ■ remained as a potentially viable alternative to traditional four dimensional (4D) theories in accounting for various 

physical phenomena. This addition of extra dimensions into physical theory has been more actively pursued in the 

last several decades (for a review, see Applequist, Chodos, and Frend [4]). The advent of string theory as a possible 

. !^ candidate to offer a consistent quantum description of gravity has been primarily responsible for fueling this activity 

K^ , in the research of extra dimensional scenarios as superstring theory has the strict requirement of residing in a lOD 

\^ • spacetime. Traditionally, the six extra spatial dimensions predicted by string theory have been treated as compactified 

. . \ objects, as are the dimensions of Kaluza-Klein theory. The discovery of D(irichlet)-branes as fundamental extended 

objects has provided a new possible explanation for the hidden extra spatial dimensions and has given rise to several 

different braneworld scenarios where the extra dimensions are large [3j . 

Recent observations of type la supernovae [J] and measurements of the anisotropics of the cosmic microwave 
background [5] indicate that our universe is, on the largest of scales, spatially flat, homogeneous, isotropic, and 
currently undergoing accelerated expansion. This late-time epoch of accelerated expansion can be explained within 
the framework of the 4D standard model of cosmology by hypothesizing a dark energy component to the total energy 
density of the universe. This dark energy is characterized by a negative pressure equation of state p = wp, where the 
equation of state (EoS) parameter w lies near —1. Dark energy can possibly be understood as arising from quantum 
fluctuations of the vacuum. If this vacuum energy does in fact exist, it would dominate over radiation and matter 
in the late universe and seems to be a perfect candidate for dark energy. Quantum theory, however, predicts a value 
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far different from that which is observed pj. This inconsistency between theory and observation is known as the 
cosmological constant problem and remains as one of the greatest problems in theoretical physics today. 

A universe that is characterized to be spatially flat, homogeneous, and isotropic can be neatly explained through the 
phenomenon of early-time inflation 7, 8] . Single field inflationary theory is characterized by an early-time accelerated 
expansion that is driven by a spatially uniform scalar field. This scalar field is characterized by having a negative 
pressure when the scalar field "slowly rolls" down a potential energy curve. This slow roll allows the potential energy 
term to dominate over the kinetic energy term and gives rise to the required negative pressure, if one is to demand an 
epoch of accelerated expansion. The end of this early-time infiationary epoch is reached when the slow-roll conditions 
are violated and is followed by an epoch of reheating. Scalar field inflationary theory is incomplete, however, as the 
potential energy function is left undetermined by the theory. In addition to this shortcoming, observational evidence 
of the existence of a fundamental scalar particle is nonexistent, although the search is on for the elusive Higgs boson! 

Mohammcdi offered an alternative explanation to dark energy being responsible for driving the late-time accelerated 
expansion of the universe by incorporating extra dimensions into Friedmann- Robertson- Walker (FRW) cosmology [9|] . 
There he considered the Einstein field equations in _D = d + 4 spacetime dimensions subjected to a flat, anisotropic 
Robertson- Walker metric, where the 3D scale factor is allowed to evolve at a rate different from that of the scale factor 
of the higher-dimensional space. By assuming that the higher-dimensional scale factor dynamically evolves at a rate 
inversely proportional to a power of the 3D scale factor, Mohammedi showed that the Z?-dimensional FRW equations 
reduce precisely to a 4D form, once an effective pressure is defined. This effective pressure is a linear combination 
of the density and the 3D and higher-dimensional pressures. It was noted in [9| that this effective pressure can be 
negative for positive values of the density and the pressures and can drive the late-time accelerated expansion of 
the universe, without the need for dark energy. The work of Q has been extended and studied in [l^, Hll. The 
aforementioned findings of (9| were reached on the assumption of dynamical compactification of an inverse power 
law form. It would be intriguing if this specific form of dynamical compactification arises naturally from a general 
treatment of the higher-dimensional FRW equations. 

Here, we consider the five-dimensional Einstein field equations subjected to an anisotropic Robertson- Walker metric, 
where the scale factor for the 3D spatial manifold is allowed to evolve at a rate different, in general, from that of the 
scale factor of the extra dimension. We additionally assume that the matter-energy content of the 5D universe is that 
of a perfect fluid, where the pressure in the extra dimension is allowed to be different from that of the pressure of the 
3D space. Within this framework, we arrive at an underdetermined system of coupled differential equations. This 
is exactly like that of 4D FRW cosmology where the variables are left underdetermined by the field equations and 
one usually chooses an equation of state to proceed. By adopting two equations of state, each relating the 3D and 
higher-dimensional pressures to the density, we obtain an exact expression relating the higher-dimensional scale factor 
to a function of the 3D scale factor and two arbitrary integration constants. Surprisingly, when one of the integration 
constants is set equal to zero, a generalized case of the dynamical compactification scenario of Mohammedi [9] is found 
and represents a special case of the general treatment. The aforementioned expression relating the higher-dimensional 
scale factor to the 3D scale factor allows us to write the 5D FRW field equations exclusively in terms of the 3D scale 
factor and we arrive at a set of decoupled 4D effective FRW field equations. 

This paper is organized as follows. In Sec. II, we subject the 5D Einstein field equations to a flat, anisotropic 
Robertson- Walker metric. By adopting two equations of state, we arrive at an expression for the higher-dimensional 
scale factor as a function of the 3D scale factor. In Sec. Ill, we write the FRW field equations exclusively in terms 
of the 3D scale factor and hence arrive at a set of 4D effective FRW field equations. In Sec. IV, we find an exact 
expression relating a function of the 3D scale factor to the time. We expand this exact expression in two different 
limiting regimes and obtain the approximate solutions corresponding to that of a generalized treatment of the case of 
dynamical compactification of Mohammedi [9] and to the 5D vacuum solution of Chodos and Detweiler [iJI . We then 
expand the hypergeometric function near a branch point and obtain a perturbative solution for the 3D scale factor in 
the small time regime. We then show that this early-time solution exhibits accelerated expansion. Finally, in Sec. V 
we summarize our results. 

II. 5D ANISOTROPIC FRW COSMOLOGY 

We begin with the Einstein field equations in five dimensions of the form 

Ga^'^kTa'', (2.1) 

where A, B are indices which run over all spacetime dimensions. In this manuscript, we set the higher-dimensional 
coupling constant equal to one, R = 1. 

The higher-dimensional stress-energy tensor will be assumed to be that of a perfect fiuid and of the form 

Ta"" = Amg[-p{t),p{t),p{t),p{t),p^{t)] , (2.2) 



where P5{t) is the pressure in the extra dimension. As is obvious from (|2.2I) . we are ahowing the pressure in the extra 
dimension to be different, in general, from the pressure in the 3D space. Hence, this stress-energy tensor describes a 
homogeneous, anisotropic perfect fluid in five dimensions. 
We choose a metric ansatz of the form 



ds^ = -dt^ + a^{t) [rfr^ 



''9(14,'^)] +b^{t)dy^ 



(2.3) 



where we allow the scale factor of the extra dimension, b{t), to evolve at a different rate, in general, than the 3D scale 
factor, a{t). This metric ansatz describes a flat, homogeneous and isotropic 3D space and a flat extra dimension. 
Notice that (12.21) and (12.31) encompass the main assumptions of this manuscript. 

By adopting the above metric ansatz and the perfect fluid stress-energy tensor, the 5D Friedmann-Robertson- Walker 
(FRW) field equations and the 5D conservation equation are of the form 
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where a dot denotes a time derivative. One can easily show that the conservation equation, (12.71) . is in fact satisfied 
when ()2.4|) - (|2.6|) are employed. Hence, the physical variables of the field equations, for general density and pressures, 
are left underdetermined as we have three unique equations and five unknowns. This is analogous to standard 4D 
FRW cosmology where one usually adopts an EoS relating the density to the pressure to proceed. Here, we adopt 
two equations of state of the form 



p = w p 
P5 = V p, 



(2.8) 
(2.9) 



thus relating the 3D and higher-dimensional pressures to the density. Notice that the EoS parameters w and v can 
in general be time-dependent, in this manuscript they are simply treated as constants. 

Employing (|2.8I) and (12.91) to eliminate p, p, and P5 from (|2.4[) - (|2.6p and performing some algebra, we obtain an 
exact differential equation of the form 



_d 
dt 



-,3 — n 



dt 



(a-b) 



= 0, 



where we defined the parameter 
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(2.10) 



(2.11) 



Notice that when the EoS parameters w and v are set equal to each other, the above parameter is negative and takes 
on the value n = —1. 

Equation (|2.10p can be integrated twice, and remarkably, the scale factors can be decoupled. Performing the 
aforementioned integrations, one finds a relation for the higher-dimensional scale factor in terms of the 3D scale factor 
of the form 



^(^) - ::^ 



a-^{t) 



71+70 a{t)^^~^Ut 



(2.12) 



where 70 and 71 are arbitrary constants of integration. 

It should be emphasized that (|2.12p is an exact expression. Notice that if the arbitrary integration constant 70 
is set equal to zero, we obtain the dynamical compactification scenario of Mohammedi [9| where, there, n was an 
arbitrary power that was held positive. Here, dynamical compactification emerges naturally as a special case of an 
exact treatment with the value of n determined by the EoS parameters w and v. The discovery of (|2.12p allows us 
to decouple the 5D FRW equations and obtain a set of differential equations written exclusively in terms of the 3D 
scale factor. In the next section, we arrive at this set of 4D effective FRW field equations. 



III. 4D EFFECTIVE FRW FIELD EQUATIONS 

Now that we have an expression for the higher-dimensional scale factor b{t) in terms of the 3D scale factor a{t), 
we can write the FRW field equations exclusively in terms of the 3D scale factor. After performing some algebra, we 
find that (j2.4[) - (I2.7P can be written in the form 

°-^ , -i^o^ f-i 1^ 

a^ X a 

P = m- + {m - vD- - ivi + 2m)-- 3.2 

a a^ X a 

fa a^\ , , 

P5 = -3 - + - 3.3 

\a a-^ ) 

= ^ + 3(1 + u; - \n{\ + v))- + (1 + u)— , (3.4) 
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where we defined the coefficients 



771 = 3(1 -n) (3.5) 

V2 = in~2), (3.6) 



where n was defined in (I2.1ip . We also defined the higher-dimensional volume element, a;, as 



!(t)=a35 = a(<)(3-") 



71+70 a{tY''-^Ut 



(3.7) 



where we used (|2.12p to express the volume element solely in terms of a{t). As a check of the 4D effective field equations, 
one can solve (|3.ip and (|3.2|) for ix^ jc? and aja in terms of the density, pressure, and the higher-dimensional volume 
element and then substitute these expressions into p.3p . Using (|2.8p and (|2.9p and performing some algebra, one can 
in fact verify that (|3.3[) is a redundant equation, as should be expected. 

As in 4D FRW cosmology, the 5D conservation equation yields an expression for the density as a function of the 
3D scale factor. Integrating (12. 7|) and then employing (|2.12p and p.7p . we find an expression for the density of the 
form 

^(«) = Po ^(i+„) , (3.8) 

where po is a constant of integration. Notice that in order to obtain a constant energy density, we must set w = w = — 1, 
as is evident from p.Sp . Also notice that when the higher-dimensional EoS parameter, w, is set to w = —1, p.4p and 
p.8p reduce to that of a 4D form. This special case equates to the first law of thermodynamics for cosmology in 4D. 
Hence, when w = — 1, the dynamical evolution of the density is independent of the extra dimension. 
In obtaining the 4D effective field equations of the form p.ip - p.3p , we used the fact that 



^^-n^-^:^. (3.9) 

ax 

This expression relates the higher-dimensional Hubble parameter to the 3D Hubble parameter and the higher- 
dimensional volume element. Notice that the higher-dimensional Hubble parameter can change signs with the sign 
dependent on whether the 4D Hubble parameter or the inverse of the higher-dimensional volume element dominates, 
assuming 70 is positive. 

By defining an effective EoS parameter w to be of the form 

w = w — -n{l + v) , (3.10) 

o 

the 5D conservation equation, p.4p . reduces to a form that precisely mimics the 4D conservation equation when the 
integration constant 70 is set equal to zero, with w replaced by w. This effective EoS parameter equates to an effective 
pressure of the form 

P = P- -^n{p + p5)^wp. (3.11) 



This effective pressure was originally defined in Q and proves useful in the following sections. By employing (|3.11l) . 
the 4D effective FRW equations take the form 
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(3.12) 
(3.13) 
(3.14) 



where we have included p.l4p for completeness, although it represents a redundant equation. 

Before proceeding to a general treatment of the 4D effective field equations, we first discuss the conditions that 
are necessary in order to obtain accelerated expansion. Combining p.l2p and p.l3p , we obtain an expression for the 
acceleration of the form 
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(3.15) 



As is obvious from (j3.15p . the value of the acceleration is determined by two competing terms. When the first term 
on the right-hand side dominates, one has accelerated expansion when w < —1/3 and iji > 0, which can potentially 
occur for positive values of the EoS parameters w and v. This was first pointed out in Q where, there, n was an 
arbitrary parameter that was held positive to ensure dynamical compactification. In the present treatment, n is no 
longer an arbitrary power but rather determined by the EoS parameters w and v (see (J2.11I) ). When the second term 
on the right-hand side dominates, one obtains accelerated expansion when rji and 70 are of the same sign. 

These two scenarios emerge as limiting cases of a general treatment and will be discussed thoroughly in the appendix. 
In the next section, we proceed with a general treatment of the 4D FRW field equations. 



IV. GENERAL TREATMENT OF THE 4D EFFECTIVE FIELD EQUATIONS 



Using (|2.9|) to eliminate p and pd from p.l2|) and p.l4p and rearranging, we obtain an expression dictating the 
behavior of the 3D scale factor of the form 
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where we used the fact that 
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2v 



(3w-l). 



(4.2) 



The special cases oi v = and w = —1 will be treated separately in Appendixes IDJ and lEl respectively, where the 
exact analytical expressions for the 3D scale factor are presented. Notice that (14.11) can equivalently be obtained from 
(|3.12p and (|3.13l) by using p. lip to eliminate p and p from the field equations, as should be expected. 

Taking a derivative of (j4.ip to eliminate the integral, rearranging, integrating, and performing some algebra, we 
obtain an expression of the form 



2(n-3)/3(l+-u3) 



-1/v 



99''" """'^"~' ^ Co g g ^' " for v^Q ,w^~l , 

where the constant of integration is found to be positive, co > 0, and we defined the function 

5 = a3(i+-)/2. 



(4.3) 



(4.4) 



Equation (j4.3p can be integrated with the left- and right-hand sides of the equation, in general, giving rise to powers 
of g and g, respectively. There exists, however, two special cases of EoS parameters when the integration of (j4.3p 
yields logarithmic expressions of g and g} Notice that the effective EoS parameter w — 1/3 when 771 = and the 



The special case oi i: = 1 will not be addressed in this manuscript. 



subsequent integration of the left-hand side yields a logarithmic expression for g. This special case, which dramatically 
simplifies the field equations p.l2p and p.l3p . will be addressed in appendix O 

Now integrating (|4.3p . rearranging, and again integrating, we find an exact expression relating the 3D scale factor 
to the time of the form 

^3(l+^)/2 . p (^^ ^I+W) _J^ 3(1 +W) _J^ 

^ '\v~l' {3w-l) v-1' {3w-l) v-l' 

{l-3w) cor/^'""\ , , 1 

777- rr — (t~ to) where z = — rj- , (4.5) 

3(1 + m;) C2J C2a''i(i-'')/3 ^ ^ 

where C2 and to are constants of integration and we used (|4.2p and (|4.4p to obtain this result. Notice that 2-Fi(a, /3; 7; z) 
is a hypergeometric function that can be defined in terms of a hypergeometric series of the form 

rf R ^ 1^"^ , a(a + l)/3(/3 + 1) , 
2Fi{a,l3;r,z)^l + — z + ^^^^ ^ ^^ z + - (4.6) 

In general, the hypergeometric series has singularities at z = 0, 1, and 00, with a branch point at z = 1, and converges 
absolutely throughout the entire unit circle |z| < 1 in the complex plane if Re (a + /3 — 7) < (see [IJ, ll3|)- Absolute 
convergence of the hypergeometric series of (|4.5p equates to 

a(i)>C2"'^'"^'""^ when j^ > 0. (4.7) 

If one demands that the 3D scale factor be real and positive for all values of the EoS parameters, then the integration 
constant C2 > 0. Notice that the second inequality in ()4.7p is always satisfied when the higher-dimensional EoS 
parameter lies within the range — 1 < z; < 1. 

1. 2<1 

Writing the hypergeometric function in (j4.5p as a hypergeometric series is useful for obtaining the approximate 
behavior of (|4.5p in the small z limit. Applying the series expansion (|4.6p to (|4.5p and keeping only the lowest-order 
contribution, the 3D scale factor takes the form 



a{t) 



(1 - 3w) Co 



3il + w)c2 
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^2/3(1+^) ^ (4 8) 



where, without loss of generality, we set the integration constant to equal to zero. This solution for the 3D scale 
factor has the same functional form as that of the approximate solution of Appendix |X] and as that of standard 4D 
FRW cosmology with w replaced with w, where w is defined in (j3.10p . In Appendix [^ we find that the approximate 
solution presented there is subjected to the parameter constraint 771 > and is valid in the late universe when t is 
large. As small z corresponds to a large 3D scale factor for positive 771 [see the definition of z in (|4.5p ]. we find that 
(|4.8p and (|A5P agree in their regimes of validity and represent the same approximate solution. 

Given that our constants of integration cq and C2 are both positive, we find the additional parameter constraints 

w < - , V <0 (4.9) 

when the approximate solution of (|4.8p is valid. The parameter constraints of (|4.9p emerge if one demands that the 
3D scale factor is real and we employ (|4.2p . 

The approximate solution of (14.81) corresponds to that of a generalized treatment of the case of dynamical compact- 
ification of |9l4lll|. In [9|, the higher-dimensional scale factor was assumed to dynamically evolve through a relation 
of the form 

'W-^ (4^10) 

where n, there, was an arbitrary parameter constrained only by the relation n > 0. By hypothesizing (J4.10I) . it was 
shown in Q that the higher-dimensional FRW field equations reduce precisely to that of a 4D form, once an effective 
pressure of the form (|3.1ip is adopted. Further, it was realized that the effective EoS parameter w could in fact be 



negative for positive values of w and v. Thus, one could have accelerated expansion of the 3D spatial manifold for 
positive EoS parameters w and v. 

In this manuscript, n is no longer an arbitrary power but rather a function of the EoS parameters, as defined in 
(|2.1ip . When the solution of this subsection is valid, we find that the higher-dimensional scale factor does in fact take 
the form of (|4.10p . but emerges as a limiting case of the exact expression of (I2.12p . For this generalized treatment 
of dynamical compactification, which is exhaustively studied and presented in Appendix I3 we find that one cannot 
obtain accelerated expansion of the 3D scale factor in the late universe for positive values of density and pressure.^ 
In addition, we find that if the 3D scale factor is in fact undergoing accelerated expansion in the late universe, then 
the higher-dimensional scale factor cannot be dynamically compactifying. 

2. z> 1 

The large z behavior of (|4.5|) can also be investigated by first applying a hypergeometric transformation formula 
fH of the form 



T(i)T(B - a) 
2Fi(a,/3;7;z) = ^y')^ '- {-zy^ 2F,ia , I ~ ^ + a ; I - (3 + a ; 1/z) 



+ 
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(~z)-^ 2i^i(/3 , 1 - 7 + /? ; 1 - « + /3 ; lA) 



(4.11) 



to (|4.5p and then by expanding as a hypergeometric series for small 1/z. Employing (|4.1ip and applying the series 
expansion (|4.6p for small 1/z, the 3D scale factor takes the form 



ait) 
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where we kept only the lowest-order contribution. It should be noted that when the hypergeometric transformation 
(14. lip is applied to (|4.5I) . the second term of the transformation equation reduces to merely a function of the EoS 
parameters and the integration constant C2. This term, which is void of the 3D scale factor, can be absorbed into the 
integration constant ig, which effectively shifts the initial value of the time. 

The approximate solution of (|4.12p has precisely the same functional form as that of the approximate solution of 
Appendix [BJ The approximate solution of Appendix [B] is found to be valid in the late universe when t is large and 
when rji < 0. As small 1/z corresponds to a large 3D scale factor for negative 771 [again see the definition of z in 
()4.5p ]. we find that (|4.12p and (|B6P agree in their regimes of validity and represent the same approximate solution. 

As the constant of integration Cq > 0, we find the parameter constraints 



w > 



1 



V <0 



(4.13) 



when the approximate solution of (j4.12p is valid. The parameter constraints of (|4.13p emerge if one again demands 
that the 3D scale factor is real and we employ (|4.2I) . 



We now explore the behavior of (|4.5p in the vicinity of the z = 1 branch point. This equates physically to an 
expansion of the 3D scale factor about its minimum value, which will become obvious later in this subsection. 

To explore the behavior of the 3D scale factor in this regime, we employ another hypergeometric transformation 
formula [l^l of the form 



2Fi(a,/3;7;z) = ^^^^^^^^-^ (1 - z)^-"-^ 2^1(7 " «,7 " /3;7 "«-/? + 1; 1 - ^) 



nan/3) 

r(7)r(7 - g - /?) 
r(7 - a)r(7 - /3) 



2Fi{a,l3;a + f3--f + l-l-z). 



(4.14) 



see Fig. [2] in Appendix [^ for a plot of the EoS parameter space that does yield accelerated expansion. 
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Applying this transformation formula to the hypergeometric function in (I4.5P and performing some algebra, one can 
show that (14.51) takes the form 
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(4.15) 

where, again, t represents a shifted time coordinate as the second term of the transformation equation is void of the 
3D scale factor and can be absorbed into the integration constant Iq. 

We now employ the series expansion (j4.6p for small (1 — z) to the hypergeometric function in (j4.15p . perform some 
algebra, and obtain an expression of the form 
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where we kept terms up to order o{f^) in (j4.16p and defined the quantities 
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(4.17) 
(4.18) 



As we are interested in the time evolution of the 3D scale factor for small /, (|4.16p can be solved perturbatively by 
writing / as a series solution of the form 

/ - /o + A + - (4.19) 

where /o is the solution to the linear approximation of (|4.16l) . /i is the first-order correction term, etc. Using this 
method and the definition of / in ()4.17|) . we obtain a perturbative solution for the 3D scale factor of the form 
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(4.20) 



where we expanded the above expression for the scale factor for small nt^^ ^' and kept terms up to order o(K^i^^^ "^). 

Notice that t is the time interval from when a(t)|t=o = <^2 ~" • 

If one demands that the 3D scale factor is real and positive for all values of the EoS parameters, then in addition 
to the requirement that C2 > 0, we also find the additional constraint 

(4.21) 



V <0, 



where we used our definition of n in (I4.18P to obtain this result. Remarkably, when the higher-dimensional EoS 
parameter, v, is in fact negative, we find that the 3D scale factor exhibits accelerated expansion for small time. For 
the special cases oi w = v/3 and oi w = , v = —1, the exact analytical solutions for the 3D scale factor are 
found and presented in Appendixes |F] and [G] respectively. For these special cases the 3D scale factor exhibits an 
epoch of early-time accelerated expansion, which abruptly ends when an inequality involving the time ceases to be 
satisfied. Hence, we see that this model of anisotropic evolution has a natural mechanism for turning off an early-time 
inflationary epoch. 

Inserting the solution for the 3D scale factor, (|4.20p . back into the 4D effective FRW field equations p.l2p - (|3.14p . 
we find a consistent solution up to and including order o(K^i^(^~"') when 71 is set equal to zero and 
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C2{-VCQy. 



Po 



^(i+") {l + w) 
Now, inserting ()4.20p into ()2.12p and setting 71 = 0, the higher-dimensional scale factor takes the form 



b{t) = 70 C2 



9/'?i(l-") .^ 



1 



(1 



2w(2-u) 



(1 - 3w) + 



2v{4-v) 



«;i(l-")+ 0(^2^2(1-.)) 



(4.22) 



(4.23) 



for small Kt*^^~"', where we kept terms up to and including order o(Ki*-^~"'). Notice that the higher-dimensional scale 
factor goes to zero and the density goes to infinity as t —>■ 0. This behavior of the higher-dimensional scale factor 
differs dramatically from that of the 3D scale factor, which approaches a constant for vanishing time. Also notice 
that the higher-dimensional scale factor expands for small t. 



V. CONCLUSION 

In conclusion, we examined the time evolution of the five-dimensional Einstein field equations subjected to a flat, 
anisotropic Robertson- Walker metric where the scale factors for the 3D and higher-dimensional spatial manifolds are 
allowed to evolve independently of each other and at different rates. We chose the stress-energy tensor to be that of 
a perfect fluid where we allowed the 3D and higher-dimensional pressures to, in general, be different. By adopting 
equations of state relating the 3D and higher-dimensional pressures to the density, we obtained an exact expression 
relating the higher-dimensional scale factor to a function of the 3D scale factor. This expression allowed us to eliminate 
the higher-dimensional scale factor from the FRW field equations and to arrive at a set of 4D effective FRW field 
equations, written exclusively in terms of the 3D scale factor. 

We examined the 4D effective FRW field equations in the general case and obtained an exact expression that relates 
a function of the 3D scale factor to the time. This exact expression includes a power of the 3D scale factor and a 
hypergeometric function and cannot, in general, be inverted to yield an analytical expression for the 3D scale factor 
as a function of the time. By expanding the hypergeometric function for small argument, we obtained an approximate 
solution that corresponds to that of a generalized treatment of the case of dynamical compactification of Mohammedi 
Q. In Q, it was assumed that the higher-dimensional scale factor dynamically compactified as the 3D scale factor 
expanded through a power law relation. By assuming this functional form of dynamical compactification, it was 
found in [9| that the effective pressure can in fact be negative for positive values of the 3D and higher-dimensional 
pressures, hence allowing for accelerated expansion with positive pressures. In this manuscript it is found that the 
exact functional form of the dynamical compactification scenario of [9| emerges naturally in this limiting regime, 
where the parameter n is no longer an arbitrary power but rather a function of the EoS parameters. In the regime 
when this approximate solution is valid, we found that one can obtain accelerated expansion for the 3D scale factor 
only when the EoS parameters w, v are both negative. Thus, one cannot obtain accelerated expansion for the 3D 
scale factor in the late universe for positive values of density and pressures. In addition, we also found that if the 3D 
scale factor is in fact undergoing accelerated expansion in the late universe, the higher-dimensional scale factor cannot 
be undergoing dynamical compactification. By then expanding the hypergeometric function for large argument, we 
obtained an approximate solution corresponding to that of the 5D vacuum solution of Chodos and Detweiler |12| . 

We then explored the behavior of the hypergeometric function in the vicinity of z = 1 and obtained the perturbative 
solution for the 3D scale factor in this regime. We showed that by demanding that the 3D scale factor be real, the 
higher-dimensional EoS parameter, v, must be negative in this regime. In addition, when the higher-dimensional EoS 
parameter is in fact negative in this regime, the 3D scale factor exhibits accelerated expansion, independent of the 
value of the 4D equation of state parameter w. We also showed that the higher-dimensional scale factor expands, to 
lowest order, in this regime. 

It is interesting to compare the results of this manuscript to that of 4D FRW cosmology. Here, we found that the 
3D scale factor exhibits an epoch of accelerated expansion for small time, without the use of a scalar field. Thus, this 
model offers a possible alternative to that of scalar field inflationary theory, although it is thus far unclear if this model 
is capable of generating the irregularities necessary to lead to the formation of structure [8| . The inflationary epoch 
of this model arises naturally from higher-dimensional geometry, so long as the higher-dimensional EoS parameter is 
negative. In addition to this contrast with 4D FRW cosmology, we also note that when the time coordinate becomes 
vanishingly small, the 3D scale factor takes on a flnite and nonzero value. This differs sharply from that of 4D FRW 
cosmology where the 3D scale factor, in general, approaches zero for vanishing time. 

The natural question that arises from this work concerns the physics of anisotropic evolution in D dimensions. We 
have found elsewhere that when one does in fact generalize to D dimensions, the decoupling of the fleld equations 
arises in a similar fashion to that of the work presented here. In addition, it is found that the 4D effective FRW 
field equations that emerge take on a similar form to those of (|3.12l) - (|3.14[) . with the presence of an additional term 
that vanishes uniquely in 5D. This additional term complicates the field equations and surely alters the physics, when 
compared to the 5D treatment. This will be the subject of a later work. 

Appendix A: Approximate case I 

Here we analyze the 4D effective FRW field equations subject to the approximation 

,»^^. (Al) 

X a 

Under this approximation, the 4D effective FRW equations (|3.12|) - p.l3|) take the form of 

P ^ Vi^ (A2) 
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P = -o'?! 27 + 3 • (A3) 



Notice that if one redefines the coupling constant to absorb the parameter 771, Eqs. (jA2[) and (jA3l) become precisely 
that of 4D FRW cosmology. This result was first realized by Mohammedi in Q . Also notice that if one demands a 
positive higher-dimensional density, then r/i > 0, as is evident from (|A2[) . This requirement is equivalent to n < 1, 
which can easily be seen from p.Sp . This parameter restriction constrains the possible values of the EoS parameters 
w and V and will be discussed in further detail later in this appendix. 

Rearranging (jA2p and (jA3l) , one finds an expression for the acceleration of the form 

^=--^(l + 3u;)p. (A4) 

It should be noted that one finds accelerated expansion for —1 < w < —1/3, which, can potentially occur for positive 
values of the EoS parameters w and v (see Q)- This possibility will also be analyzed later in this appendix. 

We now proceed by finding the approximate solution for the 3D scale factor. Using p. lip to eliminate p and p 
from (|A2p and (|A3p . one finds a solution for the 3D scale factor of the form 

a{t) ~ ao ^2/3(1+^) ^1jj,j^ w^^l (A5) 

~ ao e-^* when w = -1. (A6) 

This solution for the 3D scale factor has the same functional form as that of standard 4D FRW cosmology with 
w replaced with w. Notice that this solution is consistent with p.Sp . (|A2p . and (|A3p only when the additional 
approximation 

7i»7o /fl(t)^""'^dt (A7) 



is imposed or if the integration constant 70 is set equal to zero. Inserting (jASP into ()A2p and (|A3p and employing 
subject to (|A7p . uq is found to take the form 



ao = 




(l+v) 

ViTi 



2/3(l+i5) 

when w ^ ~1. (A8) 



This relation agrees with the value one obtains from 4D FRW cosmology once the coupling constant is redefined, as 
discussed earlier. 

Under the approximation of (|A7p . the higher-dimensional scale factor takes the form 

m^J^y (A9) 

where we used (|2.12l) . Notice that if n > 0, the higher-dimensional scale factor contracts as the 3D scale factor 
expands and one obtains the dynamical compactification scenario of [9|. 

Now that we have the solutions for the scale factors, we need to check the consistency of the dual approximations 
of this appendix. Inserting (jASP into (JAIP and (|A7p . we find that the aforementioned approximations are in fact valid 
when 

Ml±^ . 1^ a-3 ^ ^ 2,u(i-.)/9(i+*)^ (AlO) 

where we used (|4.2p . As rji is strictly positive"^ and w > —1 for an expanding 3D spatial manifold, one finds that the 
power in (JAIOP is in fact positive for v < 1. Hence, the approximate solution of this subsection is valid in the late 
universe when t is large. Further, notice that (|4.2p . when subjected to the requirement of a positive higher-dimensional 
energy density, implies that v must be negative if one is to have accelerated expansion of the 3D spatial manifold in 
this regime. 



Negative higher-dimensional energy densities are not considered in this manuscript. 
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r]i>0 




FIG. 1: EoS parameter space plot of v versus w subjected to ryi > 0. 



The approximations of this appendix, which give rise to the solutions of (jASP and (jA9p . yield a g eneralized treatment 
of the case of dynamical compactification, which has been previously studied elsewhere (see Will] ) . There, the higher- 
dimensional scale factor was assumed to dynamically evolve through a relation of the form of (IA9p , where n was an 
arbitrary parameter constrained only by the relation n > 0. By hypothesizing dynamical compactification of the form 
given by (IA9|) . it was shown in Q that the higher-dimensional FRW field equations reduce precisely to a 4D form, 
once an effective pressure of the form (|3.1ip is adopted. Further, it was realized that the effective EoS parameter w 
could in fact be negative for positive values of w and v. Thus, one could in fact have accelerated expansion of the 3D 
spatial manifold for positive values of w and v. 

In this manuscript, n is no longer an arbitrary power but rather a function of the EoS parameters^, as defined in 
(|2.1ip . We now wish to explore the EoS parameter space subjected to the constraints 

771 > for positive energy density, 

— 1/3 > w > — 1 for accelerated expansion of the 3D scale factor, 

n > for dynamical compactification. (All) 

The requirement that the higher-dimensional energy density remain positive is equivalent to the parameter con- 
straint 771 > 0. Employing (|3.5p and (|2.1ip . this equates to an inequality of the form 

v>3w-2 (A12) 

for V < 1. Figure [1] shows a plot of the allowed parameter space subjected to the inequality of (|A12p . Notice that all 
allowed values of v meet the requirement of ryi > when w < 1/3. The special case oi w = 1/3, v — —1, which yields 
771 = 0, will be further considered in Appendix [Cj where an exact treatment is presented. 

As the solution for the 3D scale factor found in this appendix is valid in the late universe, we explore the parameter 
space when the EoS parameters yield accelerated expansion. This equates to the effective EoS parameter residing 
in the range — 1 < w < —1/3, as can be witnessed by (lASp . Employing (|3.10p and p. lip , this parameter constraint 
yields a set of inequalities, which are summarized by the expression 

^'^ + 2 ^ v^ + V + 1 ^ ^ ._^, 

-^ < w < for V <0. (A13) 

3?; 6v 

It should be noted that for positive v in the range < u < 1, there exist no values of w that give rise to accelerated 
expansion of the 3D spatial manifold. The left plot in Fig. [2] shows the allowed parameter space subjected to the 



** Throughout this work, the values of the EoS parameters w and v are constrained to the range —l<w,v<l 
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FIG. 2: The plot on the left shows the EoS parameter space plot of v versus w subjected to — 1 < w; < —1/3. The plot on the 
right shows the EoS parameter space plot of v versus w subjected to n > 0. 



inequalities of (|A13p . One finds accelerated expansion only when w and v are both negative and lie within the shaded 
region. Upon comparison with Fig. [Tl one finds that this allowed parameter space, which yields accelerated expansion, 
also satisfies the requirement that 771 > 0. One cannot obtain accelerated expansion of the 3D scale factor in the late 
universe for positive values of the density and pressures when the approximations of this appendix are valid. 

Continuing, we now subject the EoS parameters to the requirement of dynamical compactification, which occurs 
when n > 0. Using (I2.11[) . this constraint yields an inequality of the form 



V < -(3w 



(A14) 



The right plot in Fig. [2]shows the allowed parameter space subjected to (jA14[) . Notice that when w < 1/3, dynamical 
compactification only occurs for 1; < 0. Thus, if the 3D spatial manifold is dominated by pressureless matter or 4D 
radiation, one must have a negative higher-dimensional pressure for dynamical compactification to occur when the 
approximations of this appendix are valid. 

Finally, we explore the EoS parameter space subjected to all three of the aforementioned constraints. Figure 
[3] displays this parameter space and reveals two distinct regions of solutions. The region in the lower left of the 
plot shows the allowed values of w and v that give rise to accelerated expansion and a positive higher-dimensional 
energy density. The triangular wedgelike region to the right shows the allowed values of w and v subjected to the 
constraints of dynamical compactification and a positive higher-dimensional energy density. Notice that these two 
superimposed plots yield no shared region of EoS parameters. Thus, one concludes that if the 3D scale factor is 
undergoing accelerated expansion in the late universe, when the approximations of this appendix are valid, then the 
higher-dimensional scale factor can not be dynamically compactifying. A similar result was found in [ll|. 



Appendix B: Approximate case II 



We now analyze the 4D effective FRW field equations subject to the approximation 



(Bl) 



For a positive 3D Hubble parameter, we find the constraint that 70 > if the above approximation is to be valid as 
the density and higher-dimensional volume element are taken to be positive. 

Under the approximation of (|B1[) . the FRW equations (|3.12l) - (|3.13p take the form 







d2 

m— 



X a 



(B2) 
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FIG. 3: EoS parameter plots of v versus w for combinations of parameter constraints. The region in the left of the plot shows 
the EoS parameter space subjected to accelerated expansion and a positive energy density. The region in the right of the plot 
shows the EoS parameter space subjected to dynamical compactification and a positive energy density. 
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X a 



(B3) 



These equations are easily solved by substitution. We find an approximate solution for the 3D scale factor of the form 

a{t) oc t^^\ (B4) 

Inserting this solution for the 3D scale factor back into (jB2p and (|B3[) . we find a consistent solution if a second 
approximation of the form 

7i«7o /"aW^""'^rf^ (B5) 

is made or, equivalently, if the integration constant 71 is set equal to zero. Now, inserting (jB4p into (j2.12|) subjected 
to the approximation of (jBSp , we obtain an approximate solution for the scale factors of the form 



ait) 



ao t 



1/2 



b{t) ~ feo t^^^'^ where &o 



670 
'7100 ' 



(B6) 



where oq is left undetermined by the field equations in this regime. Notice that the time dependence of these solutions 
corresponds to that of the 5D vacuum solution of Chodos and Detweiler [l2], as one should expect. If one demands 
that the scale factors remain positive, then 70 and 771 must be of opposite signs. As 70 > for a positive 3D 
Hubble paramenter, we find that 771 < 0. Upon comparison of this sign requirement with the conditions needed 
for accelerated expansion, which was discussed in the paragraph following p.lSp . we find a scenario which yields 
decelerated expansion. This fact is explicitly demonstrated by the time dependence of the 3D scale factor in (jB6[) . 
Inserting (jB6p into (jBip and (jBSp , we find a regime of validity given by the inequality 



71 



< t-^'l/s. 



(B7) 
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Note that for rji < 0, we find that the treatment of this appendix is vahd in the late universe. This regime of 
vahdity matches that of the approximate solutions of Appendix \^ however, there the solutions were subject to the 
parameter constraint rji > 0. Hence, the approximate solutions of Appendixes lAl and IBJ represent different branches 
of approximate solutions in the late universe. 



Appendix C: special case of the general treatment: 771 = 



In this appendix, we address the special case of 771 = 0, which corresponds to a relationship between the EoS 
parameters and to an effective EoS parameter of the form 



V — Sw — 2 
w = 1/3 . 



(CI) 



It is interesting to note that although w = 1/3 when v = and when v ^ 3w — 2, the time evolution of the 3D scale 
factor is in fact quite different for each of these two possibilities. 

For the special choice of EoS parameters given by (|Cip , Eq. (14. 3p can be written in terms of an exact differential 
equation of the form 



^ n 1 ^ d 

d^[1^^5]=(^;3T)^«d? 



(v-l}/v 



(C2) 



Now integrating (jC2[) . rearranging, and again integrating, we arrive at an exact expression relating the 3D scale factor 
to the time of the form 



1 



1 

ci 



-1 v/{l-v) 



-Co 



{t — to) where z — ci —lug 



(C3) 



where T(a, z) is the incomplete gamma function, ci and Iq are integration constants, and Ci = e"^! > 0. It should be 
noted that (|C3|) is an exact expression relating the 3D scale factor to the time. 
The incomplete gamma function has a series representation given by 



r(a, z) = z" 



1 

a 



1 2(a + 2) 



+ r(a) 



(C4) 



where T{a) is the gamma function. We now proceed by applying this series representation to (|C3[) for small z and 
keep only the first two terms of the series. This small z expansion equates physically to an expansion of the 3D scale 
factor about the value i/cT; which can be witnessed by examining our definition of z and using (j4.4p with w = 1/3. 
Applying this small z expansion to the left-hand side of (jC3p and performing some algebra, we obtain an expression 
of the form 



(2-w) 
where we kept terms up to order o(z^) in (ICSP and defined the parameter 



(C5) 



(C6) 



Notice that we chose the value of the integration constant to to cancel the gamma function term. By making this 
choice, the time coordinate t represents the time interval from when the 3D scale factor is given by a{t)\t=o = \fc\- 
This fact will become evident once we obtain the functional dependence of the 3D scale factor. 

As we are interested in the behavior of the 3D scale factor for small z, (jC5[) can be solved perturbatively by writing 
z as a series solution of the form 



20 



21 



(C7) 

where zq is the solution to the linear approximation of (jC5|) . z\ corresponds to the first-order correction term, etc. 
Using this method and the definition of z in (|C3p . we obtain the perturbative solution for the 3D scale factor of the 
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form 



ait) 



ci exp 



l + fit 



{2-v) 



^f(i-) 



(3i; 



2(2 -w) 



(C8) 



where we expanded the above expression for the 3D scale factor for smah k,t^^^^\ kept terms up to order o(K^t^d^"^), 
and used (|4.4I) with w — 1/3. Notice that t is the time interval from when a{t)\t=Q — \/c\. 
If one demands that the 3D scale factor is real, then we find the additional constraint that 



u < 0, 



(C9) 



where we used our definition of k in ()C6p and the fact that cq > and ci > to obtain this result. Consequently, 
when the higher-dimensional EoS parameter, w, is in fact negative, the 3D scale factor exhibits accelerated expansion 
for small time. Remarkably, a similar result emerges for the general case - that of accelerated expansion for small t 
when V < 0. 

Now inserting the solution for the 3D scale factor back into the 4D effective FRW field equations p. 121) - p.l4p . 
we find a consistent solution up to and including order o(K^t^^^^"-') when 71 is set equal to zero and 



Po 



(1+") 



:{-vcoY 



(CIO) 
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It is interesting to note that (|C10[) is completely void of the integration constant ci, where the value of Ci sets the 
minimal size of the 3D scale factor. Inserting (jC8l) into (|2.12p and setting 71 = 0, the higher-dimensional scale factor 
takes the form 



bit) 



70 
¥^1 



1 



^±^iit(^-v) + „^f,2^2il-.). 



(Gil) 



for small kt^^^^^ to order oikt^^^^^). Notice that the higher-dimensional scale factor is zero when t — 0, which differs 
from that of the nonzero 3D scale factor for vanishing time. Also notice that the higher-dimensional scale factor 
expands for small t to lowest order. 

It should be noted that 771 = when the EoS parameters are given by w = 1/3, v — —1. Hence, for a universe 
with a 3D spatial component dominated by radiation, where the trace of the 4D energy momentum tensor is zero, one 
finds an early-time inflationary epoch. Surprisingly, the results of the general case are remarkably similar to those of 
the special case. In particular, we find that the general case also yields an early-time inflationary epoch, without the 
use of a scalar field. 

Appendix D: An exact solution: v = 

In this appendix, we examine the behavior of the scale factors and the density for the special case of a vanishing 
higher-dimensional pressure. Setting v — 0, p.l4[) reduces to the form 



^ a a 
0=- + — , 
a a^ 



which yields an exact analytical solution for the 3D scale factor of the form 

ait) = ao t^/^. 



(Dl) 



(D2) 



Inserting this solution back into the remaining FRW field equations, p.l2p and p.l3p . we find a consistent solution 
for the time dependence, with the coefficients subjected to the relation 



ao 



4po 
'?i7i 



1/4 



(D3) 



Notice that this expression for oq matches that of (jASp when v is set equal to zero. If one demands that the 3D scale 
factor be real, then we find that rji and 71 must be of the same sign. 
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Inserting our solution for the 3D scale factor into (|3.8[) . we find 



Pit) 
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i2 
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( 670 



aT^ r 



-t;i/6 



Now, plugging our solution for the 3D scale factor into (|2.12p . wc find 



^^*)^|-^ 



1 
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(D4) 



(D5) 



If one further demands that the density and the higher-dimensional scale factor remain positive for all time, we find 
the additional constraint that 71 > 0. This requires 771 > for a real 3D scale factor. Notice that for the exact 
solution of this appendix, the sign of 70 is left underdetermined. If 70 is taken to be negative, then in the small time 
limit the 5D vacuum solutions of Chodos and Detweiler [ij] are recovered. 

Notice, however, that if 70 > 0, then there exists a time when the energy density diverges and the higher-dimensional 
scale factor approaches zero, explicitly 



lim p{t) -^ cx) 

lim b{t) — > where t' = 



670 
?7i7i 



6/771 



(D6) 



This behavior closely resembles that of the general case (see subsection IIV 3[) near z ~ 1, where we found a vanishing 
higher-dimensional scale factor and a divergent energy density when the shifted time approaches zero. 

It should also be noted that for a universe with a 3D spatial component dominated by radiation, where the trace of 
the 4D energy momentum tensor is zero, the 3D EoS parameter is given by ui = 1/3, which yields n = when v = 0. 
For these values of the EoS parameters, we find that the higher-dimensional scale factor, given by (|D5I) . asymptotes 
to a constant value for large time. 



Appendix E: An exact solution: w 



In this manuscript, the values of the EoS parameters w and v are constrained to lie within the range —1 < w,v < 1. 
With this imposed constraint on our parameter space, the only values of the EoS parameters that yield an effective 
EoS parameter w = —1 are given hy w = v = —1. Notice that for these values, p. 81) describes a constant energy 
density. 

Using p.ll[) to eliminate p and p from (|3.12p and p.l3p . and rearranging, we obtain an expression of the form 



71 + 70 / a ■* rfi 



70 a 



Id 
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Va/JJ 



(El) 



Now taking a derivative to eliminate the integral, rearranging, integrating twice, and inverting, the exact solution for 
the scale factor is found to be of the form 



a{t) =aocosh^/^(%/2ct) 



(E2) 



where c is a constant of integration and we set the arbitrary integration constant to = 0. Now, inserting our solution 
for the 3D scale factor into (12.121) and integrating, we obtain solutions for the scale factors of the form 



ait) 



Oo 



coshi/2 



'«-3V5^»'""(Vf ' 




tanh 



l2po 



(E3) 



Notice that we evaluated the integration constant c in terms of the constant energy density po by inserting the general 
solution for the scale factors back into p.ip - (13.31) . Also notice that when i = 0, we find a vanishing higher-dimensional 
scale factor, yet a finite 3D scale factor. 
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Appendix F: An exact solution: w — v/3 



For this unique relationship between the EoS parameters, (|4.5|) reduces to a nonhnear algebraic equation of the 
form 



aM 1- 
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C2a^ 



Co 
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.{l^v) 



(Fl) 



where we set the integration constant to — 0. This equation can be solved exactly and yields a solution for the 3D 
scale factor of the form 



a{t) 



-1/2 



l + 2Ki(i-") 



1/2 



where we defined the quantity 



K= -(-VCq) &2 ', 



(F2) 



(F3) 



which agrees, by construction, with our definition of k in ()4.18|) when w = v/S. If we demand that the 3D scale factor 
be real, we find a constraint on the higher-dimensional EoS parameter of the form 



w < 0, 



(F4) 



where we used our definition of n in (jF3p and the fact that Cq > to obtain this result. 

Now inserting the solution for the 3D scale factor back into the 4D effective FRW field equations (|3.12p - (|3.14p . 
we find a consistent solution when 71 is set equal to zero and 



Po 



(l+v) 

7o 



-n-v)-C2{-vcor, 



(F5) 



which agrees precisely with (|4.22p when w = v/3. Inserting (|F2[) into (|2.12p and setting 71 = 0, the higher-dimensional 
scale factor takes the form 



b(t) = 7oC2^^ • t 



l-H2Kt(i-'') 



-1/2 



(F6) 



Notice that for v — —1, the higher-dimensional scale factor asymptotes to a constant for large time. Inserting our 
solution for the 3D scale factor into p.8p , we find an expression for the density of the form 



Pit) 



7o 



_P0_ -V ,f~{l+v) 



H-2Ki(i-") 



(F7) 



Notice that when t is set equal to zero, the 3D scale factor yields a nonzero constant, whereas the higher-dimensional 
scale factor vanishes and the density becomes infinite. This behavior matches that of the perturbative solution of the 
general treatment for vanishing time found in subsection IIV 31 Also notice that when (IF2p and (jF6p are expanded for 
small i, they yield the perturbative solutions of (|4.20p and (|4.23l) for v = w/3, as one should expect. 

We now wish to explore the scenario of accelerated expansion of the 3D scale factor for the special case of EoS 
parameters of this appendix. Employing (jF2P , we find an expression for the acceleration of the form 



= -t;(l - v)k t-(i+^) [1 + 2k t(i-") 



1 



(l + v) 



K t 



{1-v) 



Upon examination of (jFSp , we find accelerated expansion for the 3D scale factor when 



1 



(! + ").. 4(i-«) 



-nt^ 



<0, 



(F8) 



(F9) 



when the higher-dimensional scale factor is constrained to lie within the range — 1 < w < 1. Using the fact that v <Q, 
to ensure that the 3D scale factor remains real, we find an epoch of accelerated expansion when 



{l+v) 



t < 



jW(l— y) 7^ 

(l + v) ■ C2-V0 



1/(1-") 



for V ^ —1. 



(FIO) 
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FIG. 4: The plots are of the 3D scale factor, the Hubble parameter, and the acceleration vs. i = \J\ + 4/9^^^, respectively 
from top to bottom, left to right. Notice that all three of the embedded plots have f on the horizontal axis, with the direction of 
decreasing (, corresponding to that of increasing t. The plots were generated by arbitrarily setting the parameters C2 = k = 1. 



where we used (jFSp in obtaining (jF10[) . For the special case of u = —1, the last term in brackets in (jF8l) is unity and 
we find accelerated expansion for all time. 

To conclude this appendix, we found the exact analytical solution for the 3D and higher-dimensional scale factors 
for the case oiw = v/i. By demanding that the scale factors be real for all values of the EoS parameters, we find that 
the higher-dimensional pressure must in fact be negative. This leads to an early-time epoch of accelerated expansion, 
which abruptly ends when (JFIOI) is no longer satisfied. 



Appendix G: An exact solution: w; = 



In this appendix, we study the special case of a pressureless, matter-dominated 4D universe when the higher- 
dimensional EoS parameter is given by w = — 1. For this special case of the EoS parameters, (|4.5p takes the form of 
a nonlinear algebraic equation given by 



(Gl) 



where we set integration constant ip — 0. 

Notice that (IGll) is real only when a{t) > l/c2. Now, squaring the above expression and performing some algebra, 
(IGll) can be rewritten in the form of a cubic equation, which, in general, has three unique solutions 14]. For the cubic 
equation of this appendix, we find one real root and a pair of complex conjugate roots. Disregarding the complex 
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solutions, the real solution for the 3D scale factor is of the form 



1 
at = - 

C2 



where we defined the quantity 



1 + -K^ 



i+1 



9Ki2 



1 

3+--1 
9 



where 



3co 



where 1 < £ : 



9Kt^ 



< CX). 



(G2) 



(G3) 



(G4) 



Notice that the real solution for the 3D scale factor, given by (jG2[) . has a minimum value of a{t)\t=o = l/c2- Also 
notice that the definition of k in (IG3I) agrees with that of (|4.18p when w = 0,v = —1 and is positive. In (IG4I) . we 
have written the solution for the 3D scale factor in terms of the parameter £, which simplifies the analysis slightly. 
Employing (|G2p . we obtain an expression for the Hubble parameter and the acceleration of the form 



VP 



i-1 



a 
a 



2 



i^ 



[21 - 3) 



1/3 



'-1 






1/3- 



1/3 



(2£ + 3) 
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1/3' 






1/3 



'-1 



- 1 



1/3 
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1/3 



(G5) 



Figure |4] shows plots of the 3D scale factor, the Hubble parameter, and the acceleration vs the parameter £, where we 
arbitrarily set the parameters C2 = k = 1 in generating the plots. The direction of decreasing £ corresponds to that 
of increasing time, with i" — >■ 1 as i — > oo. 

Inserting (|G2[) and (jGSp back into the 4D effective FRW field equations, (|3.12p - p.l4p . we find a consistent solution 
when 



Po 



2C2 

Co ' 



(G6) 



which agrees precisely with (|4.22p for w = 0, w = — 1. 

Upon examination of (jG5[) . we find an early-time (large £) epoch of accelerated expansion for the 3D scale factor. 
This epoch of accelerated expansion occurs when 



t< 



3/2 
C2 



(G7) 



where we used (|G3p - (|G6p to obtain this result. 

To conclude this appcndx, we found the real, exact analytical solution for the 3D scale factor for the special case 
of EoS parameters given by lu = 0, u = — 1. This case corresponds to a pressureless, matter-dominated 4D universe 
with the higher-dimensional EoS parameter set to w = — 1 . The solution for the 3D scale factor leads to an early-time 
epoch of accelerated expansion, which abruptly ends when (jG7|) is no longer satisfied. 
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